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We obtain the pressures and equations of state (EoS) of charged and neutral vector boson gases
in a constant magnetic field. The axial symmetry imposed to the system by the field splits the
pressures in the parallel and perpendicular directions along the magnetic axis, and this leads to
anisotropic equations of state. The values of pressures and energy densities are in the order of those
of Fermi gases in compact objects. This opens the possibility to the existence of magnetized boson
stars. Under certain conditions, the perpendicular pressure might be negative imposing a bound to
the stability of the star. Other implications of negative pressures are also discussed.
PACS numbers: 98.35.Eg, 03.75Nt, 13.40Gp, 03.6
I. INTRODUCTION
Compact objects have been extensively studied con-
sidering gravity counterbalanced by the degenerate
Fermi pressure. Since the decade of 1960s has been
contemplated the possibility of cold Bosons Stars,
which compensate gravity with the Heinsenberg pres-
sure [1, 2]. These works were considered merely as
an academic issue because a noninteracting Bose gas
at zero temperature leads to obtain denser objects
with masses and radius smaller than those typical of
fermions stars [2]. Nevertheless, the discovery of Bose-
Einstein condensation in lab [3] has triggered a great
interest in these self-gravitating objects. On the other
hand, models at finite temperature and/or with the
inclusion of interaction gives maximum masses and
radii comparable with neutron stars [4, 5]. Besides,
the existence of mixed fermion-bosons stars is an open
possibility. In this frame, vector bosons could be use-
ful in explaining the strong magnetic fields shown by
these objects, since they are known to sustain its own
magnetic field [6–8].
We study the anisotropic pressures and the equa-
tions of state (EoS) for the charged and the neutral
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vector boson gas (CVBG and NVBG respectively) in a
constant magnetic field starting from the spectra given
by Proca theory. The EoS are the first step to study
the structure equations to obtain observables: maxi-
mum masses and radii of magnetized bosons stars.
In Section II, we present the spectrum and the ther-
modynamical potential of charged and neutral vector
boson in a constant magnetic field. In Section III the
anisotropic pressures are discussed while Section IV is
devoted to the EoS. Concluding remarks are given in
Section V.
II. THERMODYNAMICAL PROPERTIES
The energy spectra for the CVBG [9] and the
NVBG [8] in a constant magnetic field B = (0, 0, B)
are:
εch(p3, n) =
√
m2 + p23 + (2n+ 1− 2S)qB, (1)
εn(p3, p⊥) =
√
m2 + p23 + p
2
⊥ − 2κsB
√
p2⊥ +m2,(2)
where s = 0,±1 are the spin eigenvalues, n = 0, 1, 2...
labels the Landau levels, p3 is the momentum compo-
nent along the magnetic field and p⊥ is the momen-
tum component perpendicular to the magnetic field.
In εch(p3, n), p⊥ has been replaced by its quantized
values in terms of n.
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2The ground states of the vector boson gases are
obtained from the spectra by setting p3 = 0,
p⊥ = 0, n = 0 and s = 1. In both cases
εch,n =
√
m2 − qB = m√1− b, with b = B/Bch,nc be-
ing Bch,nc the values of the magnetic field for which
εch,n = 0. The critical fields are Bnc = m/2κ for the
NVBG and Bchc = m
2/q for the CVBG. For numerical
calculations we suppose the charged bosons to be two
paired electrons and have a mass m = 2me (me is the
electron mass), and a charge q = 2e (e is the electron
charge). For the neutral bosons we use a positronium
gas parameters, whit mass m = 2me and magnetic
moment κ = 2µB (µB is the Bohr magneton).
The spectra allows us to obtain the thermodynam-
ical potentials. In general we can write them in the
form Ωch,n = Ωch,nst + Ω
ch,n
vac , were Ω
ch,n
vac stand for the
vacuum contributions and is only b dependent, while
Ωch,nst stand for the particles and depend on T and b.
For the CVBG in the low temperature limit (T 
m), Ωchst [9] is
Ωchst =
 −
3(ε+)3/2
(2pi)3/2β5/2
Li5/2(e
β(µ−ε+)), WF
− m2b(ε)1/2
33/2pi5/2β3/2
Li3/2(e
β(µ−ε)), SF
(3)
In Eq. (3) µ is the chemical potential, β is the in-
verse temperature, ε+ = m
√
1 + b and Lik(x) is the
polylogarithmic function of order k. The condition
T = mb separates the weak field (WF) T > mb from
the strong field (SF) T < mb region.
Vacuum contribution to the thermodynamical po-
tential of the CVBG gas after regularization can be
written as
Ωchvac =
{
− 3m464pi2
{
12b2 − (1− b)2 log(1− b) + 2(1 + 2b+ 5b2) log(1 + b)− (1− 3b)2 log(1 + 3b)} , WF
− 3m4b16pi2
{
− 2b21+b + 12 [(1− b) log(1− b)− 2(1 + b) log(1 + b) + (1 + 3b) log(1 + 3b)]
}
, SF.
(4)
The statistical and vacuum contributions to the NVBG thermodynamical potential in the low temperature limit
read [8]
Ωnst = −
(εn)3/2
21/2pi5/2β5/2(2− b)Li5/2(e
βµ′),
Ωnvac = −
m4
288pi
{
b2(66− 5b2)− 3(6− 2b− b2)(1− b)2 log(1− b)− 3(6 + 2b− b2)(1 + b)2 log(1 + b)} . (5)
Eqs. (5) are valid for any field value because in the
neutral case it is not necessary to consider separately
the weak/strong field regimes ([8]).
The magnetization for the charged (M ch [9, 10])
and the neutral (Mn [8]) gas read
M ch =
{
7qbm3/2
4(2pi)3/2β1/2
eβ(µ−m), WF
q
2ε(b)N =
q
2m
√
1−bN, SF,
Mn =
κm
εn
N =
κ√
1− bN. (6)
with N the density of particles. It is interesting to
note that the magnetization of the CVBG in the
strong field regime coincides with the one of the
NVBG (for the charged gas we can define a magnetic
moment equal to q/2m). Thus, their magnetic prop-
erties at strong field values are expected to be the
same.
III. ANISOTROPIC PRESSURES
The pressures for the magnetized CVBG and
NVBG are [11]
P ch,n3 = −Ωch,n = −Ωch,nst − Ωch,nvac ,
P ch,n⊥ = −Ωch,n −BM ch,n = P ch,n3 −BM ch,n.(7)
where P ch,n3 (P
ch,n
⊥ ) is the pressure in the parallel
(perpendicular) direction with respect to the magnetic
axis. The splitting of the pressure is a consequence of
the axial symmetry imposed by the magnetic field.
3Fig. 1 shows P ch3 (upper panel) and P
n
3 (lower
panel) for T = 8 × 108 K and N = 1034 cm−3. We
also plotted the statistical (−Ωch,nst ) and the vacuum
(−Ωch,nvac ) pressures in dashed and dot-dashed lines. In
general, the behaviour of P ch3 and P
n
3 is the same,
except for the jump observed in P ch3 (Fig. 1, up-
per panel) around b = 0.05 that corresponds to the
limit between the weak/strong field approximations
T = mb. A similar jump can be also found in the
perpendicular pressure of the CVBG (Fig. 2, upper
panel).
When b = 0, the values of P ch,n3 coincide with those
of theirs statistical parts (−Ωch,nst ), but as the field
grows the parallel pressures increases and approaches
theirs vacuum contributions (−Ωch,nvac ), while the sta-
tistical parts decreases and goes to zero for b = 1
(increasing the field drives the system to BEC [8]).
Since −Ωch,nvac are temperature independent, a change
in temperature within the T  m limit will not affect
substantially the parallel pressures.
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FIG. 1: The parallel pressure P3 as a function of the mag-
netic field for the CVBG (upper panel) and the NVBG
(lower panel); the statistical and the vacuum contributions
to the pressure are also plotted in dashed and dot-dashed
lines. We used T = 8× 108 K and N = 1034 cm−3.
Fig. 2 shows the perpendicular pressure P ch,n⊥ for
the CVBG (upper panel) and the NVBG (lower panel)
for T = 8 × 108 K and several values of the particle
density N . For both gases the perpendicular pres-
sures starts from a positive value in b = 0, decreases
with b and eventually becomes negative. This is be-
cause the main contribution to P ch,n⊥ comes from the
magnetic pressure terms −M ch,nB which are always
negative and diverge in the critical field. Whether the
perpendicular pressure is positive or not depend on
the field, the temperature and the particle density [8].
A negative perpendicular pressure pushes the parti-
cles inward to the magnetic field axis, while they are
pushed outward in the direction of the field by the
parallel pressure that is always positive. This kind of
instability is known as transversal magnetic collapse
[11] and might be relevant in the description of ejec-
tion of mass and radiation out of astronomical objects
[7].
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FIG. 2: The perpendicular pressure P⊥ as a function of
the magnetic field for the charged (upper panel) and the
neutral (lower panel) vector boson gas for T = 8× 108 K
and several values of the particle density N .
The positives values of the pressures are in the
order of those of an electron gas in a white dwarf
4(10−3 MeV4). Moreover, if we consider in our calcula-
tions ρ mesons or bosons resulting from the pairing of
two neutrons, we get that their positive pressures are
around 108 MeV4 and 109 MeV4 respectively. This
values are in the same order of magnitude to those
exerted by a gas of neutrons (109 MeV4) or quarks
(108 MeV4) in a compact star. In consequence, a gas
of magnetized neutral or charged vector bosons might
oppose gravity and maintain stability in a pure -or
mixed- boson star.
IV. EQUATIONS OF STATE
Starting from the thermodynamic potentials we can
compute the energy of the vector boson gases through
it definition E = −T∂Ω/∂T + Ω + µN . We get
Ech =
{
ε+N + 52Ω
ch
vac+TN
∂µch
∂T − 32Ωch, WF
εN + 32Ω
ch
vac+
(2pi−1)µ′ch
2pi N − 12Ωch, SF,
En = εnN + Ωnvac −
3
2
Ωnst −
∂µ′n
∂β
N, (8)
with
µ′ch = −qmbT
2ε(b)
8pi2N2
,
µch =
(
N
3
(
2pi
ε+
)3/2
−Li3/2(e−βε
+
)
)
T
Li1/2(e−βε
+)
,
µ′n = −ζ(3/2)T
4pi
(
1−
(
Tcond
T
)3/2)
Θ(T − Tcond),
Tcond =
1
εn
(
21/2pi5/2(2− b)N
ζ(3/2)
)2/3
.
Combining Eqs. (8) with Eqs. (7) we obtain the
equations of state for the charged
P ch3 =

2
3
(
Ech−ε+N+ 52Ωchvac+TN ∂µ
ch
∂T
)
, WF
2
(
Ech−εchN+ 32Ωchvac+ (2pi−1)µ
′ch
2pi N
)
, SF,
(9)
P ch⊥ =

2
3
(
Ech−ε+N+ 52Ωchvac+TN ∂µ
ch
∂T
)
−MchB, WF
2
(
Ech−εN+ 32Ωchvac+ (2pi−1)µ
′ch
2pi N
)
−MchB, SF,
and the neutral gas
Pn3 = E
n − (εn(b)N − 5
2
Ωnst −
∂µ′n
∂β
N), (10)
Pn⊥ = E
n − (εn(b)N −5
2
Ωnst −
∂µ′n
∂β
N +MnB).
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FIG. 3: The equations of state for the charged (upper
panel) and the neutral vector boson gas (low panel). T =
8× 108 K and N = 1034 cm−3.
In Fig. 3 the EoS (P3, P⊥ vs E) are depicted for
T = 8× 108 K and N = 1034 cm−3. Upper panel cor-
responds to the charged gas while lower panel to the
neutral. Again both gases behaves similarly, the pres-
sures being linear functions of the energy. When the
field is weak (solid lines) the difference between the
parallel (in black) and the perpendicular (in gray)
pressure is negligible an the systems can be described
by an unique equation of state like in the zero field
case. As the field grows the pressures split out and
the anisotropy starts to be significant for the EoS. For
a fixed value of the field, the EoS for the perpendicu-
lar pressures are softer that the corresponding parallel
one. The change of slope from the b = 0.01 curve to
the b = 0.3 and b = 0.6 that occurs for the CVBG
5(upper panel of Fig. 3) is due to the change from the
weak to the strong field approximation.
V. CONCLUSIONS
We have studied the anisotropic pressures and EoS
of the NVBG and the CVBG in the presence of a con-
stant magnetic field and found that both gases behave
similarly. The parallel pressure is always positive and
increases with the magnetic field, while the perpendic-
ular decreases and reaches negative values eventually,
as happens for neutral and charged fermions systems
in presence of magnetic field [11].
The positive values of the pressures are high enough
to oppose gravity and maintain the stability in a boson
star. Following this direction, our next step will be to
study the solution of the structure equations with our
EoS in order to obtain maximum values of masses and
radii of magnetized Boson stars. The negative paral-
lel pressures imposes a bound for the magnetic field of
a stable compact star that depends on the mass, the
temperature and the density of the particles consid-
ered, but the possibility of having a magnetic collapse
might play a major role in understanding the ejection
of mass and radiation out of astronomical objects.
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